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Abstract
In this paper we investigate the entropy of the free gravitational field for a given epoch for some well known
inhomogeneous and/or anisotropic cosmologies. We use the definition of gravitational entropy proposed by Clifton,
Ellis and Tavakol, where the 2-index square root of the 4-index bell Robinson tensor is taken to be the energy
momentum tensor for the free gravity. We transparently show that in the vicinity of the initial singularity, the ratio of
energy density of free gravity to that of matter density goes to zero, validating Penrose conjecture on Weyl curvature.
The gravitational entropy increases monotonically with time, leading to structure formation.
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I. INTRODUCTION
The proposal of gravitational entropy attempts to provide a sense of sequence to gravitational processes, and remains
as one of the open problems in General Relativity (GR) till today. Although a suitable definition of gravitational
entropy in the case of stationary black holes was available in literature for quite some time [1], but a universally
agreeable analogue in the case of cosmology has been under the process of formulation till late.
It is well-known that GR is plagued by the problem of spacetime singularities. However, Roger Penrose [2] put
forward his belief that this problem was a consequence of the limitations of the “very notion of spacetime geometry”
and the corresponding physical laws. According to him, the problem of spacetime singularities held the key to the
“origin of the arrow of time”. Several researchers [3, 4] based their studies on the notion of this arrow of time.
Originally Penrose proposed the Weyl curvature hypothesis (WCH), which merely required that the Weyl tensor
should be zero at the big bang singularity [5], and the subsequent evolution of the universe must be close to the
homogeneous and isotropic Friedman-Robertson-Walker (FRW) model. Assuming the existence of “gravitational
entropy”, Penrose argued that the principle of increase of entropy implies that the big bang singularity should be of
low entropy, which is related to the “absence of clumping of matter”, and hence to the absence of Weyl tensor, so
that the big bang singularity must have been a regular one. Thus the universe could evolve to its observed FRW form
and be consistent with the second law of thermodynamics [4, 6]. If matter was approximately under thermodynamic
equilibrium during the big bang, then it requires a corresponding low entropy of the gravitational field. Although the
big bang would normally be considered as a state of maximum entropy (assuming thermal equilibrium), but in reality
the entropy of the universe is increasing. This apparent paradox may be due to the omission of gravitational degrees
of freedom, and the gravitational entropy of the big bang was actually low. Penrose [2] argued that gravitational
entropy must be defined from the free gravitational field. An increase in gravitational entropy would imply an increase
in the local anisotropy (thereby facilitating structure formation), which can be quantified by the shear tensor. By
analyzing the trace free Bianchi identities we can also suggest that this shear tensor affects the evolution of the Weyl
tensor [7], thereby establishing a physical relationship between gravitational entropy and the Weyl tensor. Although
a conformally flat perfect fluid spacetime has vanishing shear and vorticity, and the metric is of FRW type [8], but
conformally flat spacetimes with diagonal trace-free anisotropic pressure and zero cosmological constant is found to
possess a simple equation of state where the energy per particle density depends only on the shear scalar [9]. This
provides us with one more reason to connect local anisotropy i.e. gravitational entropy to the Weyl tensor.
Penrose proposed that the gravitational entropy should be related to a suitable measure of the Weyl curvature, and
the condition of low entropy should enforce constraints on the Weyl curvature. All these implied that some suitable
dimensionless scalar must be asymptotically zero. Therefore, the determination of the gravitational entropy function
requires the construction of this scalar function.
In 1982, Goode and Wainwright [10] presented a new formulation of the two classes of Szekeres solutions of the
Einstein field equations, and provided a general analysis of the scalar polynomial curvature singularities of these
solutions, and of their time-evolution. They identified the solutions which are close to an FRW model near the initial
singularity, or in the later stages of evolution.
2Wainwright and Anderson discussed the evolution of a class of exact spatially homogeneous cosmological models of
Bianchi type V Ih [11]. It is known that solutions of type V Ih cannot approach isotropy asymptotically at large times.
They infact become asymptotic to an anisotropic vacuum plane wave solution. Nevertheless, for these solutions the
initial anisotropy decays and leads to a stage of finite duration in which the model is close to isotropy. Depending on
the choice of parameters in the solution, this quasi-isotropic stage can commence at the initial singularity, in which
case the singularity is of the type known as “isotropic” or “Friedmann-like”. The existence of this quasi-isotropic stage
implies that these models can be compatible in principle with the observed universe. Inspired by the WCH, Goode
and Wainwright [12] gave the geometric definition of the concept of ‘isotropic singularity’ and showed that the Weyl
tensor is dominated by the Ricci tensor at this scalar polynomial curvature singularity.
Senovilla [13] showed that the Bel-Robinson tensor is quite suitable for providing a measure of the energy of
gravitational fields. Following his work, there were several attempts to define the gravitational entropy on the basis of
the Bel-Robinson tensor on one hand, and also in terms of the Riemann tensor and its covariant derivatives [4, 6]. Lake
and Pelavas [4] introduced a class of “gravitational epoch” functions which were dimensionless scalars, one of which
was built from the Riemann tensor and its covariant derivatives only, denoted by P . Other alternative functions
involving the Bel-Robinson tensor were also suggested by them. They analyzed whether such functions could be
regarded as gravitational entropy function or not. Other dimensionless scalars have also been considered, for example
by [14], which are constructed from the Riemann tensor and its covariant derivatives.
In spite of all these efforts, there was still doubt regarding the definition of gravitational entropy in a way analogous
to the thermodynamic entropy, which would be applicable to all gravitational systems. Attempts were also made
to explain the gravitational entropy of black holes. Among them one interesting approach is to handle the problem
from a phenomenological point of view as proposed in [15] and expanded in [16], for the purpose of testing the
WCH against the expressions for the entropy of cosmological models and black holes. They considered a measure of
gravitational entropy in terms of a scalar derived from the contraction of the Weyl tensor and the Riemann tensor,
and matched it with the Bekenstein-Hawking entropy [17, 18]. Recently, Guha and Chakraborty [19] investigated
whether the prescriptions for calculating gravitational entropy as proposed in [15] and [16] could be applied to the
case of the accelerating black holes. They found that such a definition of gravitational entropy works pretty well for
the accelerating black holes and charged accelerating black holes, except for the rotating charged accelerating metric.
An important proposal was offered by Clifton et al. [20], who provided a measure of gravitational entropy based
on the square root of the BelâĂŞRobinson tensor which was motivated by thermodynamic considerations, and has a
natural interpretation as the effective super-energy-momentum tensor of free gravitational fields. They applied this
construction to several cases, including cosmological ones, and found that the specific form of this measure depended
on the nature of the gravitational field, namely, whether it was Coulomb-like or wave-like. However, this definition of
gravitational entropy is only valid for General Relativity, where the Bel-Robinson tensor can be defined in this way.
In the subsequent text, we refer to this formulation as the “CET proposal”.
Bolejko [21] showed that both the notion of gravitational entropy of the universe (associated with inhomogeneity)
and the cosmic no-hair conjecture (that a universe dominated by dark energy should asymptotically approach a
homogeneous and isotropic de Sitter state) are simultaneously valid and are not contradictory. It was found that a
universe with a positive cosmological constant and nonpositive spatial curvature in fact approaces the de Sitter state,
but at the same time keeps generating the gravitational entropy.
The intermediate homogenization of inhomogeneous cosmological models was studied in [22] along with the problem
of gravitational entropy. All definitions of entropy examined in this paper yielded decreasing gravitational entropy
during the homogenization process, which implies that the gravitational entropy may actually decrease in some cases.
In their paper, Mishra and Singh [23] investigated whether the inhomogeneous cosmological models could be mo-
tivated on the basis of thermodynamic grounds and a particular minimal void LemaîtreâĂŞTolmanâĂŞBondi (LTB)
inhomogeneous model was chosen for the analysis. They examined several definitions of gravitational entropy and
found that the Weyl curvature entropy exhibits satisfactory thermodynamic behavior in the case of inhomogenous
cosmologies.
Sussman [24] introduced a weighed scalar average formalism (the ‘q-average’ formalism) for the study of the theo-
retical properties and the dynamics of spherically symmetric LTB dust models and explored the application of this
formalism to a definition of a gravitational entropy functional proposed by Hosoya et al (HB proposal) [25]. Subse-
quently, Sussman and Larena [26] considered the generic LTB dust models to probe the CET proposal and the HB
proposal, along with a variant of the HB proposal, suggesting that the notion of gravitational entropy is a theoretically
robust concept which can also be applied to other general spacetimes.
The evolution of the CET gravitational entropy was also studied by the same authors in [27] for the local expanding
cosmic CDM voids using a non-perturbative approach. Marozzi et al [28] calculated the gravitational entropy of
the large scale structures of the universe in the linear regime, where it can be described by the perturbed FRW
spacetime. This entropy arises from the averaging made over an extended region and explains the formation of
large-scale structure in the Universe. The results obtained in [27] for the gravitational entropy agreed well with their
3results, when the LTB evolution is in its linear regime, thus providing us with a connection between the local physics
and the large scale linear regime.
In [29] it was pointed out that the formation of numerous astronomical objects like the supermassive black holes
(quasars), super-novae and dust, and the occurrence of several phenomenona like gamma ray bursts in the early
universe are contradictory to the conventional mechanisms of its possible origin. The ΛCDM cosmology fails to
explain several observations like the absence of central cusps with ρ ∼ r−1 in the dark matter distribution [30],
presence of too many bright satellite galaxies at high z [31–33], or the larger value of observed angular momentum
of galaxies. Although the standard cosmological model successfully describes the gross properties of the universe, yet
fails in terms of several smaller details, both in the early universe at redshifts z ∼ 10 and in the present time. The
early universe is abundantly populated by quasars ([34] and references therein), but it is practically impossible to
create so many quasars in the young universe assuming the standard mechanism of BH formation by the process of
matter accretion. These discrepancies may be removed if there exists a dark matter particle having life-time greater
than the age of the universe at the time of recombination [35]. Such observations suggest the existence of New physics
beyond the standard theory, which therefore requires suitable modification (see also the references in [29]).
A possible solution may lie in a different cosmological expansion law as indicated in [36] and [37]. The supersym-
metric Grand Unified models [29, 38] consider the action of a scalar field, χ, with non-zero baryonic number, B, due
to which bubbles may be generated. Initially (after inflation) χ was away from the origin and when inflation is over it
starts to evolve down to the equilibrium point, χ = 0. Because of the inflationary expansion, the bubbles could become
astrophysically large. Immediately after the formation of bubbles with large value of χ, inhomogeneities developed in
the energy density due to different equations of state in the regions inside and outside these bubbles. The big bang
nucleosynthesis (BBN) inside or in the vicinity of the high-B bubbles creates heavy elements more efficiently than
that predicted in the standard model. This may lead to the observed distribution of the celestial bodies and a lot of
dust at z ∼ 10 [29]. Also recently astronomers have shown a very strong possibility of an anisotropic universe unlike
the standard assumption of a homogeneous and isotropic universe [39, 40].
These informations provide a very strong motivation for us to explore the inhomogeneous and anisotropic cos-
mologies. Such models have also been studied recently [41] for the resolution of the discrepancy between the Hubble
parameter measured locally as opposed to its value derived from the cosmic microwave background radiation (CMB).
In this paper we have examined the validity of the CET definition of gravitational entropy in the context of some
exact cosmological solutions of the Einstein’s field equations. In the next section we will first discuss the formalism
of calculating gravitational energy density and temperature, which then provides us with the formalism of defining
the gravitational entropy of a physical system. We begin Section III by describing the covariant 1 + 3 splitting of
spacetime, which we have used to analyse some cosmological models, and have calculated all the relevant functions like
the normalized epoch function, gravitational energy density, gravitational temperature and the gravitational entropy.
The conclusions are presented in Section IV.
II. GRAVITATIONAL ENTROPY
In the following proposals, the measure of gravitational entropy is based on the Bel-Robinson tensor, which is
defined in terms of the Weyl tensor in the form [42, 43]
Tabcd ≡ 14
(
CeabfC
e f
cd + C
∗
eabfC
∗ e f
cd
)
, (1)
where C∗abcd =
1
2ηabefC
ef
cd is the dual of the Weyl tensor.
The important property of this tensor is that it is overall symmetric, tracefree, and is covariantly conserved in
vacuum or in presence of the cosmological constant. The factor of 1/4 gives a natural interpretation of the Bel-
Robinson tensor in terms of the Weyl spinor [44]. A measure of gravitational entropy was constructed by Pelavas and
Lake [4] and Pelavas and Coley [6], which had the form
S =
∫
Wdτ, (2)
where the epoch function W was defined using the Bel-Robinson tensor Tabcd and the observer four velocity. The
epoch function so constructed was therefore observer dependent and non-negative.
Exploring the correspondence between electromagnetism and general relativity, Maartens and Basset [7] considered
a 1 + 3 covariant, nonperturbative approach, where the free gravitational field was covariantly characterized by the
Weyl gravito-electric and gravito-magnetic spatial tensor fields. They demonstrated the covariant analogy between the
4tensor Bianchi equations and the vector Maxwell equations, and presented the important result that the Bel-Robinson
(BR) tensor is a “unique Maxwellian tensor” which could be constructed from the Weyl tensor, which behaves as the
“super energy-momentum” tensor for the gravitational fields. The only problem was that the dimension of the BR
tensor is L−4 and not L−2 (where L is the unit of length), which is the expected dimension for the energy momentum
tensor. Based on this work, Clifton, Ellis and Tavakol [20] proposed that the symmetric 2-index square root tab, of
the BR tensor should act as the effective energy momentum tensor for free gravitational field. Subsequently Goswami
and Ellis [45] constructed a tensor describing the interaction between free gravity and matter, which is taken to be
the symmetric two index square root of the BR tensor.
In the CET proposal of gravitational entropy, rather than constructing the entropy measure as an integral along a
timelike curve, they employed integrals over spacelike hypersurfaces. They used the gravito-electromagnetic properties
of the Weyl tensor and the 1+3 decomposition of the equations, to express the epoch function as follows:
W = Tabcduaubucud =
1
4
(
EbaE
a
b +H
b
aH
a
b
)
. (3)
Here W is the “Super energy density” and Eab, Hab are the electric and magnetic parts of the Weyl tensor respec-
tively. The inhomogeneous distribution would require that either Eab or Hab is non-zero, so that W > 0, which means
that inhomogeneity requires both anisotropy and a non-zero W .
From this symmetric and tracefree four-index tensor Tabcd, one can define a symmetric two-index âĂĲsquare-
rootâĂİ, tab, which is a solution of the equation
Tabcd = t(abtcd) −
1
2
te(at
e
b gcd) −
1
4
t ee t(abgcd) +
1
24
(
tef t
ef +
1
2
(t ee )
2
)
g(abgcd). (4)
In spacetimes of Petrov type D or N, although the solution to the above equation is unique for a tracefree tab, but that
does not necessarily lead to a quantity that is conserved in vacuum. Therefore the square-root of the Bel-Robinson
may be chosen to inherit its tracefree property, or for its conservation in vacuum, but not necessarily both at the
same time. For Petrov type D spacetimes, with two double principal null directions, and a Coulomb-like gravitational
field, the tracefree square-root can be written in the form
tab = 3ǫ|Ψ2|(m(am¯b) + l(akb)), (5)
where Ψ2 = Cabcdkambm¯cld is the only non-zero Weyl scalar. The complex null tetrad is defined as
ma =
1√
2
(xa − iya) , la = 1√
2
(ua − za) , and ka = 1√
2
(ua + za) , (6)
where xa, ya and za are spacelike unit vectors, which form an orthonormal basis together with ua, gab = 2m(am¯b) −
2k(alb), with la and ka being aligned with the principal null directions.
For a thermodynamic description of the free gravitational field, the effective energy density is the following
8πρgrav = 2α
√
2W
3
, (7)
where
|Ψ2| =
√
2W
3
, (8)
with α as a constant and ρgrav ≥ 0. In order to calculate the entropy according to thermodynamic prescriptions, one
must know the “temperature”, Tgrav, of the free gravitational fields. For that purpose, one must have some knowledge
about the underlying microscopic theory. Naturally, the CET proposal assumed that a thermodynamic treatment of
the free gravitational fields is very much similar to that of standard thermodynamics. This was the motivation for
looking into the results of black hole thermodynamics, and quantum field theory in curved spacetimes. Therefore
they required the definition of temperature to be local (instead of being defined for horizons only), which reproduced
the expected results from semi-classical calculations in Schwarzschild and de Sitter spacetimes. The temperature at
any point in spacetime was given by the following expression:
Tgrav =
|ua;blakb|
π
=
|u˙aza +H + σabzazb|
2π
, (9)
where za is a spacelike unit vector aligned with the Weyl principal tetrad, and H =
Θ
3
is the isotropic Hubble rate.
5III. GRAVITATIONAL ENTROPY OF SOME COSMOLOGICAL MODELS
In the following sequel we will explore some Petrov type D spacetimes representing the various phases of evolution
of the universe filled with ideal irrotational fluids.
We will use the covariant 1 + 3 splitting of spacetime [46–48] with the timelike vector field ua and the projection
tensor hab satisfying the following relations
Ua b := uaub, gab := −uaub + hab, (10)
Ua cU
c
b = Ua b, Ua bub = ua, Ua a = −1, (11)
ha ch
c
b = ha b, ha bub = 0, ha a = 3. (12)
The covariant time derivative (represented by a dot) and the projected spatial derivative (represented by D) using
the projection tensor hab are given by:
A˙a...b... = u
c ▽c Aa...b... , DaAb...c... ≡ hpahbq...hrc▽pAq...r... , (13)
U˙<ab> = h˙<ab> = 0, DaUbc = Dahbc = 0 . (14)
Here the angular brackets ‘<>’ denote the symmetric and trace-free part of a tensor. The 3−volume element is
defined as:
ǫ := −ǫdefghd ahe bhf cug = ugǫgdefhd ahe bhf c . (15)
The kinematical variables are obtained from the covariant derivative of u, which is given by
∇aub = −uau˙b + Daub := −uau˙b + 13Θhab + σab + ǫabcω
c, (16)
where the kinematical variables are defined by
u˙a := ub∇bua, Θ := Daua, σab := D<aub>, ωa := ǫabcDbuc . (17)
The matter variables are defined as the following:
µ := Tabuaub, qa := −Tcbhcaub, p := 13Tabh
ab, πab := Tcdhc <ahd b> . (18)
The electric and magnetic parts of the Weyl curvature tensor are given by
Eab := Ccdefhc audhe buf , Hab := (−12 ǫcdghC
gh
ef )hc audhe buf . (19)
In order to drive in to the point that the gravitational entropy measured in terms of the Weyl tensor indeed fulfills
the physical requirement that it reflects the inherent anisotropy of the spacetime, we will take into consideration two
equations.
One of the Ricci identities is given by [46]:
σ˙<ab> −D<au˙b> = −2
3
Θσab + u˙<au˙b> − σ<a c σb>c − ω<aωb> −
(
Eab − 1
2
πab
)
, (20)
and also one of the contracted Bianchi identities [46] is(
E˙<ab> +
1
2
π˙<ab>
)
− ǫcd<aDcHb> d + 12D
<aqb> = −1
2
(µ+ p)σab −Θ
(
Eab +
1
6
πab
)
+3σ<a c
(
Eb>c − 1
6
πb>c
)
− u˙<aqb>
+ǫcd<a
[
2u˙cHb> d + ωc
(
Eb> d +
1
2
πb> d
)]
(21)
6A very important point is to be noted in this context, i.e., equations (20) and (21) together define a two way relationship
between the shear and the electric part of Weyl tensor. The electric Weyl drives the evolution of shear and matter
density, together with the shear which drives the evolution of the electric Weyl. From these two equations we can
clearly identify the physical processes behind the generation of gravitational entropy, i.e. it is indeed generated from
the anisotropies of the universe.
A. Liang model
In this section we will consider a spacetime representing the early phase of evolution of the universe to see whether
the CET gravitational entropy proposal holds good in this era. An example of an exact solution of the Einstein’s field
equation with an irrotational fluid source with the equation of state p = 1/3µ, energy density µ = Tabuaub = 3/(4t2A2),
and fluid velocity u = A−1/2
∂
∂t
, representing the radiation dominated universe, and whose initial singularity is
‘Friedmann-like’ as considered by Liang (1972) [49], is given by the metric
ds2 = −Adt2 + t[A−1dx2 +A2b−2(dy2 + f2dz2)], (22)
where A = 1− (4ǫ˜b2t)/9, b ≡ constant, f(y) = sin y, ǫ˜ = +1 and f(y) = sinh y, ǫ˜ = −1. In our subsequent calculations
we will assume ǫ˜ = 1.
The expansion scalar obtained in this model is
Θ =
9
2t
(9− 8b2t)
(9− 4b2t)3/2 . (23)
Apparently this model expands in the interval 0 < t <
9
8b2
, since Θ > 0 in this range, and then shrinks in the interval
9
8b2
< t <
9
4b2
, for which Θ < 0 . Therefore we will consider the range of t as 0 < t <
9
8b2
, since it represents an
expanding universe. The acceleration vector and the vorticity tensor turns out to be zero in this case.
The corresponding components of the shear tensor are
σxx =
108b2t
(−4b2t+ 9)5/2 , σyy =
−2√−4b2t+ 9t
27
, σzz =
−2sin2y√−4b2t+ 9t
27
. (24)
Therefore we can evaluate the shear scalar and the expression is given by the following:
σ2 =
108b4
(9− 4b2t)3 . (25)
From the above expression it is evident that as time t increases, σ2 i.e. the shear scalar also increases. An important
parameter in these models is the ratio σ2/Θ2, which is found to be given by
σ2
Θ2
=
24b4t
(9− 8b2t) . (26)
It is already known that the ratio of the shear scalar to the expansion scalar is a good measure of anisotropy
[50, 51], and we can easily check that the ratio in this case is increasing in the allowed range of time. This also clearly
shows that the universe in this case begins from an isotropic singularity (as the ratio vanishes at t = 0) and then the
anisotropy increases with time as the universe expands, thereby fulfilling the requirement of inhomogeneity [20].
We now compute the velocity dependent gravitational epoch function for this metric using the Bel-Robinson tensor:
W = Tabcduaubucud =
2b4
27A6t2
. (27)
As we have both the anisotropy and the nonzero W (corresponding to tidal forces as the magnetic part of the Weyl
tensor is zero for Petrov type D spacetimes), it is eligible for the calculation of gravitational entropy, as per the
criterion set in [20]. The normalized dimensionless scalar constructed from this quantity has the form
P˜ =
W
µ2
=
(
32
243
)
b4t2
A2
. (28)
7As t → 0+, the normalized Bel-Robinson epoch function vanishes, i.e. P˜ → 0, and P˜ increases monotonically as
one moves away from the isotropic singularity.
For the sake of computation, we will use the following timelike and spacelike unit vectors in accordance with the
Weyl principal tetrad:
ua =
(
3√−4b2t+ 9 , 0, 0, 0
)
, (29)
and
za =
(
0,
1
3
√
−4b2t+ 9
t
, 0, 0
)
. (30)
The null cone is defined by the vectors ka and la (which therefore lie in the t, x plane). The (m, m¯) plane is defined by
ma, where the spacelike vectors are defined as xa =
(
0, 0,
9b√
t(9− 4b2t)2 , 0
)
and ya =
(
0, 0, 0,
9b√
t(9− 4b2t)2 sin2 y
)
.
The gravitational energy density for this Petrov type D spacetime, obtained from the epoch function W , is given
by
ρgrav =
α
18π
b2
A3t
. (31)
This spacetime is of Petrov D type and the Weyl scalars are Ψ0 = 0,Ψ1 = 0,Ψ2 = − 2b
2
9tA3
,Ψ3 = 0, andΨ4 = 0.
Therefore the relation |Ψ2| =
√
2W
3
is satisfied in this case (as given in 8).
The gravitational temperature is given by the expression
Tgrav =
1
8πtA3/2
. (32)
We can see that in order to have a non-negative gravitational energy density and temperature, we require the condition
A > 0, which also implies that 0 < t <
9
4b2
. Finally, from the definition of gravitational entropy we have
Sgrav =
∫
V
ρgravv
Tgrav
=
4αt3/2
9
∫
V
dxsinydydz =
4αt3/2
9
∫ x
0
dx
∫ y
0
sinydy
∫ z
0
dz. (33)
Thus
Sgrav =
4αt3/2
9
x(1 − cosy)z. (34)
Here we can identify (x, y, z) as (r, θ, φ), where x acts as the “radial” co-ordinate, θ ∈ [0, π], φ ∈ [0, 2π] and the (y, z)
plane is the (m, m¯) plane. Therefore the resulting expression for gravitational entropy will be obtained as
Sgrav =
16παt3/2r
9
. (35)
From the above equations (34) and (35), we can see that the gravitational entropy is non-negative and mono-
tonically increasing, leading to structure formation in the universe [20]. Further, the increase of shear tensor with
time corresponds to the evolution of anisotropy in the universe, which leads to an increase in the above mentioned
gravitational entropy. The above analysis clearly shows us that as t → 0, A → 1, so that both the gravitational
energy density ρgrav and the temperature Tgrav blow up. Consequently, in the limit t→ 0, the gravitational entropy
Sgrav → 0, which is in agreement with the Weyl curvature hypothesis.
8B. Szekeres model
Let us now consider the spatially inhomogeneous models with irrotational dust as source, i.e. the class II Szekeres
solution of the Einstein’s field equations. The metric under our consideration is the following [10]:
ds2 = t4[−dt2 + dx2 + dy2 + (A− β+t2)2dz2], (36)
where the function A is defined as
A = a(z) + b(z)x+ c(z)y − 5β+(z)(x2 + y2). (37)
In the class II Szekeres models, the parameters a(z), b(z), c(z), andβ+ are arbitrary smooth functions of z, which
gives us the freedom of choosing coordinates. For β+ = 0, the class II Szekeres solution reduces to FRW metric. We
also observe that if we assume a = 1, b = 0, c = 0 further, i.e, A = 1, we get the Cartesian form of FRW metric
directly. The fluid four velocity is defined as u = t−2
∂
∂t
and the energy density is given by
µ =
12
t6
(
1−
(
β+
A
)
t2
) . (38)
If the energy density is non-negative, then we need the following conditions to be satisfied: A > 0, (A − β+t2) > 0.
This imposes a bound on t because 0 < t <
√
A
β+
. The expansion scalar of the universe is obtained as
Θ =
2(3A− 4β+t2)
t3(A− β+t2) . (39)
Thus this model is expanding throughout the cosmic time since Θ > 0 in the allowed range of t due to the fact that
0 < t <
√
3
2
√
A
β+
.
The shear tensor in this case is given by
σxx =
2β+t3
3(A− β+t2) , σyy =
2β+t3
3(A− β+t2) , σzz =
4β+t3
3
(β+t2 −A). (40)
The shear scalar is given by
σ2 =
8β2+
9t2
. (41)
As a measure of the overall anisotropy in this universe we compute the following ratio:
σ2
Θ2
=
2β2+t
4(A− β+t2)2
9(3A− 4β+t2)2 . (42)
The above ratio vanishes at t = 0, representing an isotropic initial singularity, and subsequently increases with time.
Therefore the anisotropy increases with the evolution and expansion of the universe giving rise to structure formation.
Once again using the fluid 4−velocity, we construct the positive scalar from the Bel-Robinson tensor:
W = Tabcduaubucud =
6β2+
t8(β+t2 −A)2 . (43)
Therefore we get the normalized dimensionless scalar in the form
P˜ =
W
µ2
=
t4β2+
24A2
. (44)
Thus, as t → 0+, the normalized Bel-Robinson epoch function vanishes (P˜ → 0). Let us construct the timelike and
spacelike unit vectors in accordance with the Weyl principal tetrad so that uaua = −1, zaza = 1 and uaza = 0, to get
ua =
(
1
t2
, 0, 0, 0
)
, (45)
9and
za =
(
0, 0, 0,
1
t2(A− β+t2)
)
. (46)
The (m, m¯) plane is defined by ma which is defined in Section II, where the spacelike vectors are now defined as
xa =
(
0,
1
t2
, 0, 0
)
and ya =
(
0, 0,
1
t2
, 0
)
.
From the definition of the gravitational energy density of Petrov type D spacetimes, we get
ρgrav =
αβ+
2πt4(A− β+t2) , (47)
The above expression of gravitational energy density clearly indicates that for the non-negativity of the gravitational
energy density, the following conditions must be fulfilled: β+ > 0, A > β+t2. Therefore A must be a positive quantity.
This spacetime is also of Petrov D type, and the Weyl scalars are: Ψ0 = 0,Ψ1 = 0,Ψ2 = − 2β+
t4(β+t2 −A) ,Ψ3 =
0, andΨ4 = 0. So the relation |Ψ2| =
√
2W
3
is now satisfied.
The gravitational temperature is given by
Tgrav =
(A− 2β+t2)
πt3(A− β+t2) . (48)
From the above equation (48) it is clear that we require an additional constraint in the form (A− 2β+t2) > 0 in order
to ensure the non-negativity of the temperature. Thus the allowed range of cosmic time should be 0 < t <
√
A
2β+
.
As before, using the relevant definition, we obtain the expression of gravitational entropy as follows
Sgrav =
αt5
2
∫ x
0
∫ y
0
∫ z
0
[
1 +
β+t
2
(A(x, y, z)− 2β+(z)t2)
]
β+dxdydz. (49)
Although it is not possible to integrate this equation further, but we note that the expression (49) of the gravitational
entropy is not only non-negative but is also monotonically increasing, thereby satisfying the conditions of structure
formation as laid down in [20]. We can also check that as t → 0+, the gravitational energy density ρgrav and the
temperature Tgrav both diverge, and as a result the gravitational entropy vanishes, i.e., Sgrav → 0. Moreover we know
that β+ = 0 gives us the FRW metric and indeed the expression of gravitational entropy (49) reduces to zero in that
case.
C. Bianchi VIh model
In this section we will consider a spacetime which fits a general class of solutions of the Einstein’s field equations
but simple enough to study a perturbed kind of flat spacetime like the perturbed FLRW spacetime. We will show
that the deviation from conformal flatness and isotropy leads us to an inhomogeneous spacetime where gravitational
entropy is generated.
Wainwright and Anderson [11], showed that in the Bianchi VIh class of models, a suitable choice of parameters may
help to represent the quasi-isotropic stage beginning at the initial singularity, leading to an isotropic singularity for
these spacetimes. By assuming the parameter αc to be small in that model, one can consider deviations about this
flat FRW model. In the line element in [11], we set αs = 0 and αm = 1, so that the line-element in conformal time
coordinates is obtained as follows:
ds2 = τ4/(3γ−2)(−A2(γ−1)dτ2 +A2q1dx2 +A2q2e2r[s+(3γ−2)]xdy2 +A2q3e2r[s−(3γ−2)]xdz2), (50)
where A2−γ = 1 + αcτ2, q1 =
γ
2
, q2 =
2− γ + s
4
, q3 =
2− γ − s
4
, s2 = (3γ + 2)(2 − γ), and r2 =
(3γ + 2)αc
4(2− γ)(3γ − 2)2 . The parameter denoted by αc determines the curvature of the spacelike hypersurfaces orthog-
onal to u = A1−γτ−2/(3γ−2)
∂
∂τ
. For αc = 0, we obtain the flat FRW solution.
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In full generality, this metric is of Petrov type I, but the CET gravitational entropy measure only works on the
Petrov types D and N. Therefore we will only consider the case for γ = 4/3 which reduces the spacetime to Petrov
type D. The resulting Petrov type D metric is given by
ds2 = τ2
(
−(αcτ2 + 1)dτ2 + (αcτ2 + 1)2dx2 + (αcτ2 + 1)2e6
√
αcxdy2 +
1
(αcτ2 + 1)
dz2
)
. (51)
The expansion scalar is given by the following expression
Θ =
3(2αcτ2 + 1)
τ2(αcτ2 + 1)3/2
, (52)
and the shear tensor is
σxx = αcτ2
√
αcτ2 + 1, σyy = αcτ2e6
√
αcx
√
αcτ2 + 1, σzz =
−2αcτ2
(αcτ2 + 1)5/2
. (53)
This model is also expanding with time as the expansion Θ > 0 for all τ . In this case, the shear scalar is given by
σ2 =
3α2c
(1 + αcτ2)3
. (54)
Once again, as a measure of overall anisotropy we compute σ/Θ which is given by the following expression:
σ2
Θ2
=
α2cτ
4
3(2αcτ2 + 1)2
. (55)
Thus the ratio vanishes at τ = 0 indicating an initial isotropic singularity as in the previous models. It then increases
with time and becomes constant as time tends to infinity. Therefore the time evolution of this universe is such that
as time increases, the anisotropy increases from the isotropic initial singularity, and gradually the rate of increase of
anisotropy decreases and finally the anisotropy becomes more or less constant in the distant future.
We can now easily compute the energy density as
µ =
3
τ4(αcτ2 + 1)2
. (56)
Next we construct the velocity dependent gravitational epoch function from the Bel-Robinson tensor, which yields
W = Tabcduaubucud =
6α2c
τ4(αcτ2 + 1)6
. (57)
In order to construct a dimensionless scalar from this quantity, we normalize the standard epoch function with the
square of µ = Tabuaub to get
P˜ =
W
µ2
=
2α2cτ
4
3(αcτ2 + 1)2
. (58)
As τ → 0+, the normalized Bel-Robinson epoch function vanishes: P˜ → 0. Therefore P˜ behaves appropriately as the
isotropic singularity is approached.
Now, for the analysis of the CET gravitational entropy for this spacetime, we will use the following unit vectors,
where ua is a timelike and za is a spacelike unit vector. Here we choose our vectors such that they specify a Weyl
principal tetrad:
ua =
(
1
τ
√
αcτ2 + 1
, 0, 0, 0
)
, (59)
and
za =
(
0, 0, 0,
√
αcτ2 + 1
τ
)
. (60)
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We note that this choice of tetrads is also supported by the work of Pelavas and Coley in [6].
In this case, the (m, m¯) plane is defined by the spacelike vectors xa =
(
0,
1
τ(αcτ2 + 1)
, 0, 0
)
and ya =(
0, 0,
1
τ(αcτ2 + 1)e3
√
αcx
, 0
)
, with the null cone defined by la and ka, as mentioned in Section II, along with the
definition of ma.
From the definition of gravitational energy density we now obtain
ρgrav =
ααc
2πτ2(αcτ2 + 1)3
. (61)
As this spacetime is a Petrov D spacetime, the Weyl scalars are obtained as Ψ0 = 0,Ψ1 = 0,Ψ2 =
2αc
τ2(1 + αcτ2)3
,Ψ3 =
0, andΨ4 = 0. Therefore the relation (8) is satisfied in this case. Similarly the gravitational temperature can be
calculated as
Tgrav =
1
2πτ2(αcτ2 + 1)3/2
. (62)
From the above two expressions of the gravitational energy density (61) and the temperature (62), we can clearly
observe that as τ → 0+, both ρgrav and Tgrav diverge near the isotropic singularity.
Now integrating over a volume V on a hypersurface of constant τ , we get the final expression of gravitational
entropy
Sgrav = ααcτ3
∫
V
e3
√
αcxdxdydz = ααcτ3
∫ x
0
e3
√
αcxdx
∫ y
0
dy
∫ z
0
dz =
α
√
αc
3
τ3(e3
√
αcx − 1)yz. (63)
We note that is not possible to determine the bound of τ in (63).
Here again we find that Sgrav is non-negative and monotonic in nature, and as τ → 0+, the gravitational entropy
vanishes, i.e. Sgrav → 0, in accordance with Penrose’s Weyl curvature hypothesis. It is also evident that for αc ≃ 0,
the spacetime becomes FRW-like, with vanishing gravitational entropy.
IV. SUMMARY AND CONCLUSIONS
The above analysis indicates that in all the three models considered by us, the gravitational entropy goes to zero
as we approach the initial singularity and increases monotonically with non-negative value in course of time, thereby
fulfilling the necessary requirements to be satisfied by the gravitational entropy in these space-times, in order to
ensure structure formation in the universe [20]. We found that in each of these cases, representing different phases
of evolution of the universe, the anisotropy increases as times elapses after the initial isotropic singularity. We also
showed in a general formalism, how the shear tensor is related to the Weyl tensor. Therefore the CET formalism in
these cases clearly gives us a well behaved entropy measure which increases as the structure formation progresses,
resulting in an increase in anisotropy of these universes. These features make these models physically more realistic
for describing the actual evolution of the universe. In all the cases we found that the gravitational entropy vanishes at
the initial isotropic singularity. Moreover in each of these cases, the gravitational energy density and the temperature
are well-behaved throughout the evolution of the conformal time associated with the metric.
In conclusion, we can clearly state that the gravitational entropy definitions proposed by Pelavas et al. [6] and
Clifton et al. [20], i.e., P˜ and Sgrav, are in conformity with the Weyl curvature hypothesis in the case of these
cosmological models, and presents a very good description of the gravitational entropy function on a local scale. It is
to be noted that for a large scale description, one needs to employ the method of averaging, similar to that considered
in [28].
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